











Further trigonometry (Chapter 29) 589

Proof (for a triangle with acute angle A):
Consider triangle ABC shown.

Using Pythagoras’ theorem, we find

W =h%2+2% so hZ=0>-22
2_h2 ( l‘)2

2 (62—332)—1-(6—.%)2

a? =0 — 2%+ — 2cx + 22
2=+ -2 ... (1)

and
Thus, a

But in AACN, cosA = and so x =bcosA

So, in (1), a? =b% + % — 2bccos A
Similarly, we can show the other two equations to be true.

Challenge: Prove the Cosine Rule a? = b? + ¢? — 2bccos A, in the case where A is an obtuse angle.

You will need to use cos(180° — 6) = — cos .
. GEOMETRY
We use the cosine rule when we are given: PACKAGE
o two sides and the included angle between them, or e
e three sides. w K
Useful rearrangements of the cosine rule are:
b2+ c2 j a2 a? +c2 j b2 a2+ b2 j 2
cosA=—————— cosB=——— cosC= ——
2bc 2ac 2ab
They can be used if we are given all three side lengths of a triangle.
Example 8 ) Self Tutor
Find, correct to 2 decimal places, B
the length of BC.
10 m
38°
©
A 12m
By the cosine rule:
B
a? =b% +c? — 2bccos A
10 m am ca=1/122 4102 — 2 x 12 x 10 x cos 38°
380 SoooaxT41
A C

12m . BCis 7.41 m in length.
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Example 9 %) Self Tutor
= A
Find the size of ABC in the given figure.
Give your answer correct to 1 decimal place. 8 m ® mn
B 11 m C
2 2 _p2
2ac
117 +8 - 9
B=—
o8 2x11x8
112 + 82 — 92
B=cos ' | ———
o8 < 2% 11 x 8
B ~ 53.8°
So, ABC measures about 53.8°.
EXERCISE 29D
1 Find the value of z in:
¢ 53 km
X cm 3.8 km
10 cm
x km
11 cm
f 11 km
' 2em o

7 cm

2 Find the length of the remaining side in the given triangle:

4.8 km
R 103 m
6.7 km 720

15 cm

21 cr’

3 Find the measure of all angles of:

P

7
at

<

14.8 m
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4 Find:
a the smallest angle of a triangle with sides 9 cm, 11 cm and 13 cm
b the largest angle of a triangle with sides 3 cm, 5 cm and 7 cm.

a Use the cosine rule in triangle BCM to find cos in terms
of a, ¢ and m.
180°—=6 b Use the cosine rule in triangle ACM to find cos(180° —0)
in terms of b, ¢ and m.
¢ Use the fact that cos(180° — ) = —cosf to prove
Apollonius’ median theorem:
a® +b? =2m? 4 2¢2.

d Hence find = in the following:
i

5cm

6 In triangle ABC, AB=10cm, AC =9 cm and ABC = 60°. Let BC = x cm.

a Use the cosine rule to show that z is a solution of 22 — 10z + 19 = 0.
b Solve the above equation for z.
¢ Use a scale diagram and a compass to explain why there are two possible values of z.

7 Find, correct to 3 significant figures, the area of:

a b
WITH THE
RULES [8.4, 8.5, 8.7]

Whenever there is a choice between using the sine rule or the cosine rule, always use the cosine rule to
avoid the ambiguous case.

Example 10 ») Self Tutor

An aircraft flies 74 km on a bearing 038° and then 63 km on a bearing 160°.
Find the distance of the aircraft from its starting point.
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By the cosine rule,

b? = a® + ¢ — 2accos B

b? =632 4742 — 2 x 63 x 74 X cos 58°
b? ~ 4504.03

b~ 67.1

the aircraft is 67.1 km from its starting point.

EXERCISE 29E

1

10

11

Two farm houses A and B are 10.3 km apart. A third farm house C is located such that BAC = 83°
and ABC = 59°. How far is C from A?
A roadway is horizontal for 524 m from A to B,

followed by a 23° incline 786 m long from B to C.
How far is it directly from A to C?

Towns A, B and C are located such that BAC = 50° and B is twice as far from C as A is from C.
Find the measure of BCA.

Hazel’s property is triangular with dimensions as shown 2
in the figure. 238 m
a Find the measure of the angle at A, correct to 2 314m
decimal places. C
b Hence, find the area of her property correct to the
nearest hectare. A 407 m

An aeroplane flies from Geneva on a bearing of 031° for 200 km. It then changes course and flies for
140 km on a bearing of 075°. Find:

a the distance of Geneva from the aeroplane
b the bearing of Geneva from the aeroplane.

A ship sails northeast for 20 km and then changes direction, sailing on a bearing of 250° for 12 km.
Find:

a the distance of the ship from its starting position

b the bearing it must take to return directly to its starting position.

An orienteer runs for 450 m then turns through an angle of 32° and runs for another 600 m. How far
is she from her starting point?

A yacht sails 6 km on a bearing 127° and then 4 km on a bearing 053°. Find the distance and bearing
of the yacht from its starting point.

Mount X is 9 km from Mount Y on a bearing 146°. Mount Z is 14 km away from Mount X and on a
bearing 072° from Mount Y. Find the bearing of X from Z.

A parallelogram has sides of length 8 cm and 12 cm. Given that one of its angles is 65°, find the
lengths of its diagonals.

Calculate the length of a side of a regular pentagon whose vertices lie on a circle with radius 12 cm.
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12 X is 20 km north of Y. A mobile telephone mast M is to be placed 15 km from Y so the bearing of M
from X is 140°.

a Draw a sketch to show the two possible positions where the mast could be placed.
b Calculate the distance of each of these positions from X.

13 Bushwalkers leave point P and walk in the direction 238° for 11.3 km to point Q. At Q they change
direction to 107° and walk for 18.9 km to point R. How far is R from the starting point P?

14 D C David’s garden plot is in the shape of a quadrilateral. If the corner
60° points are A, B, C and D then the angles at A and C are 120°
and 60° respectively. AD = 16 m, BC = 25 m, and DC is 5 m
longer than AB. A fence runs around the entire boundary of the

A s 25 m plot. How long is the fence?
F ITH COMPOUND SHAPES
[8.1, 8.4, 8.5, 8.7]
Example 11 %) Self Tutor

AD is a vertical mast and CE is a vertical flagpole.
Angle ABD is 30° and angle EBC is 50°.
Calculate:

a the length of DE

b the size of angle EDB.

a angle DBE = 180° — 30° — 50°
= 100°
DE? = 92 + 122 — 2(9)(12) cos 100°
{by the Cosine Rule}
DE ~ 16.202 m
DE ~ 16.2 m

sin 6 __ sin100°

Using the sine rule: T ~ 16200

12 x sin 100°
16.202
0 ~ 46.8°

angle EDB is about 46.8°.

sin @ ~
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EXERCISE 29F
1 A 40 m high tower is 8 m wide. Two students A and B are A B
on opposite sides of the top of the tower. They measure the 54° 43°
angles of depression to their friends at C and D to be 54° and
43¢ respectively. How far are C and D apart if A, B, C and
D are all in the same plane? 40m
D C gm D
2 The area of triangle ABD is 33.6 m?.
Find the length of CD.
10 m
A 9m B 7m C
3 Find 2:
10 cm X cm
65° R 48°
4751114»\
4 > A stormwater drain is to have the shape shown. Determine
T the angle the left hand side makes with the bottom of the
chul drain.
B° 100°4L

2m

5 From points A and B at sea, the angles of elevation to
the top of the mountain T are 37° and 41° respectively.
A and B are 1200 m apart.

O & 0 T 9

6 Find x and y in the given figure.

What is the size of ATB?

Find the distance from A to T.
Find the distance from B to T.
Find the height of the mountain.
Use the given figure to show that

1 1
d=h <tan0 B tan¢> ’

Use e to check your answer to d.
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7 Jane and Peter are considering buying a block of land. The
land agent supplies them with the given accurate sketch. Find

the area of the property, giving your answer in:

a m? b hectares. 90 m

In the given plan view, AC = 12 m, angle BAC = 60°,
and angle ABC = 40°. D is a post 6 m from corner B,
12m E is another post, and BDE is a lawn of area 13.5 m?.

a Calculate the length of DC.

b Calculate the length of BE.

¢ Find the area of ACDE.

[l FRiONORETRIC GRaPs 3.2, 8.1

GRAPHS FROM THE UNIT CIRCLE

8 Plan of garden

The diagram alongside gives the y-coordinates for all points on 1
the unit circle at intervals of 30°.

>
D

<
<

A table for y =sinf can be constructed from these values:

) 0° | 300 | 60° | 90° | 1200 | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
y=sinf [0 | & [ L] 1| L | 1 | o0 |-32[-L|-|-%|-1]|o0

Plotting sin # against 6 gives:

y

T S\ y=sind -
AN g

o 90° 180° 270° 360°

\/

[ Eo—

— =
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EXERCISE 29G.1

1 a By finding z-coordinates of points on the unit circle, copy and complete:

0 0°130°|60°|90°|120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
y = cosf

b Useato graph y =cosf for 0° <60 <360° making sure the graph is fully labelled.
What is the maximum value of cosf and when does it occur?

(1]

d What is the minimum value of cosf and when does it occur?

. sin 0
2 a Byusing tanf = smo , copy and complete:
cos

0 0°]30° [ 60°] 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°

y=tanf | 0 % V3 | und.

Find the equations of the vertical asymptotes of y =tanf for 0° < 6 < 360°.
¢ Useaand b to graph y =tanf for 0° <60 < 360°.

PROPERTIES OF BASIC TRIGONOMETRIC GRAPHS

Click on the icon to see how the graphs of y = sinf, y = cosf and y = tanf are DEMO
generated from the unit circle.

Before we consider these graphs in more detail, we need to learn appropriate language for & K
describing them.

TERMINOLOGY

[ maximum point

0-

/
amplitude

B principal axis v

\

[¢e———— period ———»|

minimum point J

e A periodic function is one which repeats itself over and over in a horizontal direction.
e The period of a periodic function is the length of one repetition or cycle.

e The graph oscillates about a horizontal line called the principal axis or mean line.

e A maximum point occurs at the top of a crest.

e A minimum point occurs at the bottom of a trough.

e The amplitude is the vertical distance between a maximum or minimum point and the principal
axis.
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THE GRAPH OF y = sinx

Instead of using 6, we now use x to represent the angle variable.

y ;
=Ssimnx
I Y.
0.5
<0 X
90°  18Q° 270° 360°  450°  54Q°  630°  J20°
—0/5
¥
—1
A,
The sine graph has the following properties: DEMO
e it is continuous, which means it has no breaks
o - A

o itsrangeis {y|-1<y<1, yeR}

its amplitude is 1
its period is 360°.

THE GRAPH OF y = cosx

it passes through the origin and continues indefinitely in both directions

it has lines of symmetry = = +90°, = = +270°, x = +450°, ......
it has points of rotational symmetry on the x-axis at 0°, £180°, £360°, +540°, £720°, ......

y
=COoSX
n ),
/o
- x;
LIS 180° 70° 360° 4502 540° 0° 720°
—0.5
—1
A
The cosine graph has the following properties:
DEMO
it is continuous
y| -1<y<1, yeR} 6

its range is
its y-intercept is 1
its amplitude is 1
its period is 360°

or with vector <_%OD)

it has exactly the same shape as the sine graph, but is translated 90° to the left,

it has vertical lines of symmetry = = 0°, = = +180°, = = £360°, =z = £540°, ......
e it has points of rotational symmetry on the z-axis at +90°, +270°, £450°, +630°, ......
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THE GRAPH OF y — tanx by

The vertical lines = = +90°, = = +270°, = = $+450°,
and so on, are all vertical asymptotes.

————
N
—_———

[ [
I I
N |
/ / / /
/ o /S /S =
—90°/ 90° / 270° / 450° /
[ [
[
[

° x=90° x=2§0° x=

I
\O-t———

x=-9

The tangent curve has the following properties:

it is not continuous at +£90°, +270°, +450°, and so on; these are the values of x where cosz = 0

e itsrangeis {y |y € R} DEMO
e it passes through the origin

e its period is 180° :‘ :‘
e it has points of rotational symmetry on the z-axis at 0°, £180°, +360°, ...... %
EXERCISE 29G.2
1 Use the graphs of y =sinz and y = cosz to find:
a sin 150° b sin210° ¢ cos120° d cos300°

2 a Use the graph of y =sinz to find all angles between 0° and 720° which have the same sine as:

i 50° i 45° ifi 10°
b Use the graph of y = cosz to find all angles between 0° and 720° which have the same cosine
as:
i 25° i 90° ifi 70°
¢ Use the graph of y =tanz to find all angles between 0° and 600° which have the same tan as:
i 20° ii 55° ifi 80°

3 Use the graph of y = sinx and your calculator to solve these equations for 0° < x < 720°. Give
your answers correct to the nearest degree.

a sinzx =0 b sinz=0.3 ¢ sinxz =0.8 d sinzx =-04
4 Use the graph of y = cosz and your calculator to solve these equations for 0° < =z < 720°. Give
your answers correct to the nearest degree.
a cosr=1 b coszx=0.7 ¢ coszr=0.2 d cosx=—-0.5
5 Use the graph of y = tanz and your calculator to solve these equations for 0° < x < 600°. Give
your answers correct to the nearest degree.
a tanx =3 b tanz = -2 ¢ tanz = 10.

6 a Draw the graphs of y =cosz and y =sinz on the same set of axes for 0° < x < 720°.
b Find all values of z on this domain such that cosz = sinz.
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7 Plot on the same set of axes for 0 < x < 360°:
a y=sinx b y=sinz+2 ¢ y =sin(z + 90°) d y=cosx
What do you notice?

8 Plot on the same set of axes for 0 < x < 360°:
a y=coszx b y=cosx—2 ¢ y = cos(z—90°) d y=sinz

What do you notice?

in(bx) AND
[3.2, 3.3, 8.8]

Discovery The families y = asin(bxz) and y = a cos(bx)

In this discovery we consider different transformations of the basic sine and cosine  GRAPHING
functions. PACKAGE

What to do:

1 Use the graphing package or a graphics calculator to graph on the same set of axes:
a y=sinz b y=2sinz c y:%sinx
d y=—sinx e y=—isinz f y=—3sina

2 All of the graphs in 1 have the form y = asinz.
Comment on the significance of:

a the sign of a b the size of a, whichis |a].

3 Use the graphing package to graph on the same set of axes:

a y=sinz b y=sin2x c y:sin(%x) d y=sin3z

4 All of the graphs in 3 have the form y = sin(bz) where b > 0.
a Does b affect the: i amplitude il period?
b What is the period of y =sin(bz), b>07?

5 Repeat 1 to 4 above, replacing sin by cos.

You should have observed that for y = asin(bz) and y = acos(bz):

e ¢ affects the amplitude of the graph. It provides a stretch with invariant x-axis and scale factor a.
e ) affects the period of the graph. It provides a stretch with invariant y-axis and scale factor b.

o

e the amplitude is |a| and the period is
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Example 12 «) Self Tutor

Draw free-hand sketches of y =sinz, y =3sinz and y = 3sin(2z) for 0° < x < 720°.

EXERCISE 29H

1 Draw free-hand sketches of the following for 0° < x < 720°:
a y=sinz and y=sin(2z) b y=sinz and y=2sinx JOR:!":(";%BELEET
¢ y=sinz and y = —sinx d y=sinx and yzsin(%x) A
e y=sinz and y = 3sinx f y=sinx and y=3sin(%x) - :§
g y=sinz and y = 2sin(3z) h y=sinz and y = —sin(2x)

2 Draw free-hand sketches of the following for 0° < z < 720°:
a y=cosz and y=2cosx b y=cosz and y:cos(%x)
¢ y=cosx and y = —cosz d y=cosz and y = 3cos(2z)
e y=cosz and y= —2coszx f y=cosz and y= %005(31‘)

3 Use your calculator to solve correct to 1 decimal place, for 0° < x < 360°:
a sinzx =0.371 b cosz = —-0.673 ¢ sin(2z) = 0.4261
d tanz =4 e cos(3z) = 3 f sin(Z) =0.9384

4 Find a and b if y = asin(bx) has graph:

a b
y Ay
2

NN / 2

1
\ o\ / N
T —180°—90° 90° 180° 270° 360° X T —180°—90° 90° 180° 270° 360° X
\ | \ 7 P’ _ N
\12 \/ -2

1 1

y Ay
2 2

1 1

N 0 T

*“1R0°—90° 90° 180° 270° 360° *180°—90° 90° 180° 270° 360° x
4 \\V \/ 4’/9 -1

Q

-2 -2
1 1
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e Ly f y

BN Pad < 0
—180%<902 90° 180°<2702-360° X —180°-90°
=1

90° 180° 270° 360° X
1
-2

5 Find a and b if y = acos(bzx) has graph:

a b
v Ay
2 2
—1/6
1 1
AN d TN\ ] ) A \ /\‘
—180°—90° 90° 180° 270° 360° —180°590° 90° 180° 270° 360° x
S \./ ! \/
- -2
r
d
/)‘N N
#180°—90° J 90° 1802 270° 360° X
e f
r
Review set 29A
34
1 Find: 1
a the exact coordinates of point P
b the coordinates of P correct to 3 decimal places. 296"/\
0] > X
=1 \ 1
2 Use the unit circle to find the exact values of:
a sin120°
1 P
b cos360° '
¢ tan330°

) 2.8 km
3 Find the area of:

4.6 km
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4 The area of triangle ABC is 21 m?. A
Find z. C
6 m
xm
B
y
5 Use the diagram alongside to write, in terms of a and b, P(a,b)
a value for: ’
a cosf b sind
¢ sin(180° — ) d cos(180° — 0) a « 0 | 2

6 Two long straight roads intersect at P at an angle of 53°. Starting at P, cyclist A rides for 16.2 km
along one of the roads, while cyclist B rides 18.9 km along the other road. How far apart are the
cyclists now? Assume the angle between the paths of the cyclists is acute.

7 Find, correct to 3 significant figures, the values of the unknowns in:
a b c
9m
11.7m N 284'm 313m 11'm
45°

42°
12 m

8 Triangle ABC has ABC = 48°, AB =10 cm, and AC = 8 cm. Show that ACB has two possible
sizes. Give each answer correct to 3 significant figures.
9 5 207m c Find:
a the length of BD
b the total area of quadrilateral ABCD.

197 m
A L68° 4N
10 Draw sketch graphs of y = cosz and y = —cos(2z) on the same axes for 0° < z < 720°.
11 Find a and b given the graph either has equation
y = acos(bx) or y = asin(bx). \ ]/\ /
State clearly which of these two functions is illustrated.

—180°—90° 90° 180° 270° 360° X
-2

Review set 29B

1 Find: :
a the exact coordinates of point Q Q

b the coordinates of Q correct to 4 decimal places. = lk

\/ )
Y
=
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2 C Triangle ABC has acute angle 6° at vertex A. Find 0
correct to 1 decimal place if the area of triangle ABC is
2
12 cm 33.4 cm”.
B
A 14 cm
by
3 a State the coordinates of point Q in terms of a and b. 1
b State the coordinates of point Q in terms of 6. / P(a,b)
¢ Explain why cos(180° + 6) = — cos#. T O, 9 X
</
— 1"
4 Find, correct to 3 significant figures, the value of the unknowns in:
a b c
6m . 124 m
7m 46.1
X m
Il m 93¢
5 Jason’s sketch of his father’s triangular vegetable patch is A
shown alongside. Find:
a the length of the fence AB -
b the area of the patch in hectares. m
B L 54° 67°
C

6 Triangle ABChas AB=12m, BC=10m, AC =2z m, and BAC = 40°.
Show that there are two possible values for z.

7 A ship leaves port P and travels for 50 km in the direction 181°. It then sails 60 km in the direction
274° to an island port Q.

a How far is Q from P?

b To sail back directly from Q to P, in what direction must the ship sail?

8 Find z:

4m

57° . 380
10 m

9 On the same set of axes for 0° < z < 720°, sketch the graphs of y = cosz, y = cos(2x) and
y = 3 cos(2z).
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10 Ay The illustrated graph has equation of the form
By T y = asin(bz).
Find a and b.
1
i X
“ o 180° 360°
Y

11 Use your calculator to find all values of z for 0° < z < 720° for which cos (%) = 0.787.
Give your answers correct to the nearest degree.

Challenge

1 A rocket is fired vertically above the North Pole.

How high must the rocket rise if the line of sight to the horizon makes an angle of 30° with the
path of the rocket?

2 a Use a calculator to find the value of tan 60°
and tan 75°.

What do you notice?
b Consider the triangle alongside:
i Find all angle sizes within the figure.
ii Find the lengths of BD, BC and AB. T50 300
iii Use the figure to establish why your A B C
result of a is true.

1 unit

3 Consider the given figure.

a Find, giving reasons, the size of CON in terms of 6
where CAO = 6.
b Let AO=CO=BO=7r, ON=a, CN =h

and AC =z. Show that sin(20) = ﬁ
F

A
¢ Prove that 2% =2r(a+7).

d Find, in simplest form, 2sinfcosf in terms of the given variables.
e What has been discovered from b and d?
f By substituting 6 = 23°, 48.6° and 71.94°, verify your discovery of e.

4 Triangle ABC has sides of length a, b and c units. A circle of radius r is drawn through the vertices
of the triangle.

b
Show that the area of the triangle is given by the formula A = %.



